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The formalism for computing the signal-to-noise ratio (SNR) for laser radar
is reviewed and applied to the tasks of target detection, direction-finding,
and phase change estimation with squeezed light. The SNR for heterodyne
detection of coherent light using a squeezed local oscillator is lower than that
obtained using a coherent local oscillator. This is true for target detection,
for phase estimation, and for direction-finding with a split detector. Squeezing
the local oscillator also lowers SNR in balanced homodyne and heterodyne
detection of coherent light. Loss places an upper bound on the improvement
that squeezing can bring to direct-detection SNR.
OCIS codes: 270.0270, 270.6570, 280.5600, 040.2840
1. Introduction
Squeezed light was proposed in [1] as a means of reducing noise in interferometers used as
gravitational-wave detectors. In that article the impact of loss on performance improvement
due to squeezing was noted. In laser radar applications, loss from spreading and absorption
in the target-return beam can be severe [2]. It is therefore natural to investigate the potential
of using squeezed light in the local oscillator of a heterodyne laser radar system [3–5], since
the loss suffered by the local oscillator beam will be minimal. Here we review relevant signal
detection theory and quantum optics formalism, and compute the signal-to-noise ratio (SNR)
for several application scenarios. In all the cases we examine we find that squeezed light offers
no advantages for laser radar.
This paper is organized as follows. Sec. 2 and 3 review relevant aspects of signal detection
theory. Sec. 4 obtains explicit forms for quantum operators that will be used in the subsequent
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analysis, and Sec. 5 shows how they fit into the heterodyne detection approach. The SNR for
heterodyne target detection using a squeezed local oscillator is derived in Sec. 6 and is shown
to be lower than that obtainable with heterodyne target detection with the usual coherent
local oscillator. The expression for SNR is given in term of conventional parameters in Sec.
7 and is extended to include nonunity quantum efficiency in Sec. 8. Sec. 9 presents and
analyzes models of heterodyne and direct-detection direction-finding using a split detector,
and shows that here too squeezing the local oscillator of the heterodyne system yields no
advantage. Sec. 10 looks at heterodyne detection of phase. Sec. 11 extends the result of Sec.
6 to the case of balanced detection. The Appendix examines direct target detection with
squeezed light and derives limits on SNR improvement.
2. Signal-to-noise ratio
From [6], Ch. IV, “Quantum Hypothesis Testing:”
“Suppose that when the signal is present, it is repeated during some number M of ob-
servation intervals of duration T . Let ~xk be a set of data samples taken in the k
th interval,
k = 1, 2, . . . ,M . We assume these are statistically independent from one another. Let g(~xk)
be a statistic formed from the data ~x, and let the choice between hypotheses H0 and H1 be
based on the sum
G =
M∑
k=1
g(~xk) (3.2)
of the statistics for each interval. . . Hypothesis H1 is selected if G exceeds a certain decision
level G0.
“When M is very large, the p.d.f. [probability density function] of the statistic G is very
nearly Gaussian, by virtue of the central limit theorem, and the false alarm and detection
probabilities are approximately
Q0 ≈ erfc(ξ), Qd ≈ erfc(ξ −DgM1/2) (3.3)
where
D2g =
[E(g|H1)− E(g|H0)]2
Var0g
(3.4)
with
Var0g = E(g
2|H0)− [E(g|H0)]2 (3.5)
the variance of the statistic g under hypothesis H0. [E(g|Hi), i = 1, 2, is the “expected value”
or “mean value” [7] of g when hypothesis Hi holds.] We call D
2
g the equivalent signal-to-noise
ratio (e.s.n.r.).”
For direct detection Var0g = 0, so Var1g, the variance of the signal when it is present (i.e.,
when H1 holds) will be used. See Appendix.
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3. Quantum hypotheses and statistical measures
When hypothesis Hi holds, the quantum state is |ψi〉, i = 0, 1. The mean value of S when
Hi holds is
E(S|Hi) = 〈ψi|Ŝ|ψi〉, (1)
where Ŝ is the operator corresponding to the quantity S. The variance of S when Hi holds
is
VariS = 〈ψi|Ŝ2|ψi〉 − 〈ψi|Ŝ|ψi〉2. (2)
Using (1) and (2) in (3.4) and (3.5) of Sec. 2, and taking g = S,
D2S =
(
〈ψ1|Ŝ|ψ1〉 − 〈ψ0|Ŝ|ψ0〉
)2
〈ψ0|Ŝ2|ψ0〉 − 〈ψ0|Ŝ|ψ0〉2
. (3)
4. Operators
The positive-frequency part of the electric-field operator is
Ê(+)µ (t) =
∑
~k,ζ
i
(
h¯ω~k
2ε0V
)1/2
â~k,ζe
−iω~ktε~k,ζ,µ, (4)
where ζ = 1, 2 is the polarization index, µ = 1, 2, 3 is the Cartesian index, and ε~k,ζ,µ is the
(real) polarization vector [8]. For suitable broadband detectors, the operator corresponding
to the photoelectric current at time t (in units of the electron charge) is
Î(t) =
∑
ν,µ
sνµ Ê
(−)
ν (t) Ê
(+)
µ (t) (5)
where
Ê(−)µ (t) =
(
Ê(+)µ (t)
)†
, (6)
and where the sensitivity function sνµ is constant and symmetric. Using (4) and (6) in (5),
Î(t) =
∑
~k,ζ,~l,ρ,µ,ν
h¯
2ε0V
(ω~kω~k)
1/2 â†~l,ρâ~k,ζ e
i(ω~l − ω~k)t ε~l,ρ,νε~k,ζ,µsνµ. (7)
The following functional of Î(t) will play a key role (see Sec. 5 below):
Ŝ = τ−1
∫ τ
0
dt cos(ωHt+ θH)Î(t). (8)
Using (7) in (8),
Ŝ =
h¯
4ε0V
∑
~k,ζ,~l,ρ,µ,ν s.t. |ω~l − ω~k|=ωH
(ω~lω~k)
1/2 â†~l,ρâ~k,ζ e
−iε(ω~l − ω~k)θH ε~l,ρ νε~k,ζ µsνµ, (9)
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where
ε(x) = sign of x. (10)
From (9),
Ŝ2 =
(
h¯
4ε0V
)2 ∑
~k,ζ,~l,ρ,µ,ν s.t. |ω~l − ω~k|=ωH
∑
~k′,ζ′,~l′,ρ′,µ′,ν′ s.t. |ω~l′ − ω~k′ |=ωH
(ω~l ω~k ω~l′ ω~k′)
1/2
â†~l,ρâ~k,ζ â
†
~l′,ρ′
â~k′,ζ′ e
−i[ε(ω~l − ω~k)+ε(ω~l′ − ω~k′)]θH ε~l,ρ,νε~k,ζ µsνµ ε~l′,ρ′,ν′ε~k′,ζ′,µ′sν′µ′ . (11)
5. Heterodyne signal
As pointed out above, our motivation for investigating the use of squeezed light in a het-
erodyne laser radar system is the presence of the essentially loss-free local oscillator beam.
In the heterodyne approach to target detection [2], the mixing of the local oscillator with
the light reflected from the target generates a current in the photodetector which oscillates
with angular frequency ωH and phase θH , where ωH and θH are respectively the frequency
difference and phase difference (at the detector location) between the light from the local
oscillator and the light reflected from the target.
Let I(t) denote the total photoelectric current (in units of the electron charge) produced
by the photodetector at time t of a given experimental run. Then the statistic g we will use
for heterodyne detection is the Fourier component of I(t) at a angular frequency ωH and
phase θH , which we will denote by S:
S = τ−1
∫ τ
0
dt cos(ωHt+ θH)I(t). (12)
The average of this signal is
〈S〉 = τ−1
∫ τ
0
dt cos(ωHt+ θH)〈I(t)〉. (13)
Here and subsequently, mean value is denoted by angle brackets “〈 〉.” We assume that ωH
and θH do not vary from one run of the experiment to another; i.e.,
〈ωH〉 = ωH , (14)
〈θH〉 = θH . (15)
6. Heterodyne target detection with squeezed local oscillator
Let |0〉~k,ζ denote the vacuum state for mode ~k, ζ of the electromagnetic field. We consider
the class of squeezed states [8] parameterized by two complex numbers α, ξ and defined as
|α, ξ〉~k,ζ = D̂(α)~k,ζQ̂(ξ)~k,ζ |0〉~k,ζ , (16)
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where the displacement operator D̂(α)~k,ζ and squeezing operator Q̂(ξ)~k,ζ for mode
~k, ζ are,
respectively,
D̂(α)~k,ζ = exp
(
αâ†~k,ζ − α∗â~k,ζ
)
, (17)
Q̂(ξ)~k,ζ = exp
[
1
2
(
ξ∗â2~k,ζ − ξ
(
â†~k,ζ
)2)]
. (18)
For ξ = 0 the squeezed state |α, ξ〉~k,ζ reduces to the coherent state |α〉~k,ζ:
|α〉~k,ζ = |α, 0〉~k,ζ = D̂(α)~k,ζ|0〉~k,ζ. (19)
So, in the absence of the coherent signal reflected from the target (null hypothesis, H0),
the full quantum state is
|ψ0〉 = |α, ξ〉LO
∏
~k,ζ 6=LO
|0〉~k,ζ . (20)
When the signal is present (alternative hypothesis, H1), the state is
|ψ1〉 = |β〉T |α, ξ〉LO
∏
~k,ζ 6=T,LO
|0〉~k,ζ. (21)
Here T and LO are shorthand for ~k, ζ for the target return signal and local oscillator,
respectively.
Taking for concreteness ωT − ωLO = ωH > 0, and using (9), (20) and (21),
〈ψ0|Ŝ|ψ0〉 = 0, (22)
since the only possible nonzero term, â†LOâLO, is forbidden by the restriction on the summa-
tion in (9), and
〈ψ1|Ŝ|ψ1〉 = κh¯
2ε0V
(ωTωLO)
1/2 |α||β| cos(θT − θLO + θH) (23)
Assuming
ωH ≪ ωT , ωH ≪ ωLO, (24)
so
ωT ≈ ωLO ≡ ω, (25)
(23) becomes
〈ψ1|Ŝ|ψ1〉 = κh¯ω
2ε0V
|α||β| cos(θT − θLO + θH) (26)
Here
θT = arg β, θLO = argα, (27)
and
κ =
∑
ν,µ
εLO,ν εT,µsνµ. (28)
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The analysis presented here has left out phase factors in directions normal to the detector
surface. Had those been included, the argument of the the cosine in (23) would have terms
dependent on the location on the surface of the detector, unless both wave vectors, Tand
LO, were normal to the detector surface. So, unless both wave vectors are sufficiently close
to normal so that the respective wave fronts are parallel to the detector surface to within less
than a quarter wavelength over the surface, the net signal from the entire detector surface
will add to zero (i.e., zero mixing efficiency). Assuming that the polarization of the target
return signal is also parallel to that of the local oscillator, we can rewrite (28) as
κ =
∑
ν,µ
εLO,ν εLO,µsνµ. (29)
Using (11) and (20),
〈ψ0|Ŝ2|ψ0〉 =
(
h¯
4ε0V
)2 ∑
~k,ζ,µ,ν s.t. |ωLO−ω~k|=ωH
∑
~l′,ρ′,µ′,ν′ s.t. |ω~l′−ωLO |=ωH
ωLO
(
ω~kω~l′
)1/2
〈ψ0|â†LOâ~k,ζ â†~l′,ρ′ âLO|ψ0〉 e−i[ε(ωLO−ω~k)+ε(ω~l′−ωLO)]θH
εLO,νε~k,ζ µsνµ ε~l′,ρ′,ν′εLO,µ′sν′µ′ . (30)
Neither ~k, ζ nor ~l′, ρ can be LO, due to the restrictions in the summations arising from the
heterodyning. If ~k, ζ 6= ~l′, ρ then â~k,ζ and â†~l′,ρ′ can commute, yielding zero since the non-LO
modes are in the vacuum state. So the only surviving terms are those for which ~k, ζ = ~l′, ρ:
〈ψ0|Ŝ2|ψ0〉 =
(
h¯
4ε0V
)2 ∑
~k,ζ, s.t. |ωLO−ω~k|=ωH
ωLOω~k n¯LO
(∑
ν,µ
εLO,νε~k,ζ,µsµν
)2
, (31)
or, using (24) and (25),
〈ψ0|Ŝ2|ψ0〉 = 2
(
h¯ωLO
4ε0V
)2
n¯LO
∑
~k,ζ, s.t. ω~k=ωLO
(∑
ν,µ
εLO,νε~k,ζ,µsµν
)2
, (32)
where
n¯LO = LO〈α, ξ|n̂LO|α, ξ〉LO, (33)
n̂LO = â
†
LOâLO. (34)
In going from (31) to (32) the expression for 〈ψ0|Ŝ2|ψ0〉 picked up a factor of “2.” This
is as a result of contributions in the sum in (31) coming not only from modes with ~k such
that ω~k = ωLO+ωH = ωT , but also from modes with
~k such that ω~k = ωLO−ωH . The latter
modes are termed “image band” modes [9].
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The argument about mixing efficiency doesn’t apply here to the sum in parentheses in
(31) since the nonzero terms come from raising and lowering operators corresponding to the
same mode. Define
(κ′)2 =
∑
~k,ζ, s.t. ω~k=ωLO
(∑
ν,µ
εLO,νε~k,ζ,µsµν
)2
. (35)
Since the sum over ~κ, ζ contains the term ~k, ζ = LO
(κ′)2 ≥ (κ)2, (36)
where κ is as given in (29). If the field of view of the detector is such that the only modes
satisfying the constraint ω~k = ωLO have
~k colinear with the wave vector of the local oscillator,
then
(κ′)2 = κ2. (37)
Let Ltr be the transverse size of the quantization volume (here taken to be equal to the size
of the detector), and let Ω be the solid angle of the detector’s field of view. Then, since the
transverse components of the wave vector are quantized in units of 2π/Ltr and are assumed
to be much smaller than the other component (in the direction of the local oscillator wave
vector),
(κ′)2 ≈ κ2N (38)
where
N = ∑
~k s.t. ω~k=ωLO
≈ max(|~k|2Ω/((2π)/Ltr)2, 1)
= max((Ltr/λ)
2Ω, 1), (39)
with
λ = 2πc/ω (40)
the wavelength of the local oscillator and
[x] = integral part of x. (41)
E.g., for λ = 10−6m, Ltr = 10
−5m, and Ω=(1 mrad)2, N equals unity. Changing Ltr to
10−3m and Ω to (10 mrad)2 changes N to 100. For the remainder of this paper we will set
N = 1, (42)
implying that (37) holds.
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Using (35) and (37) in (32),
〈ψ0|Ŝ2|ψ0〉 = 2
(
κh¯ωLO
4ε0V
)2
n¯LO. (43)
Using (22), (23), and (43) in (3),
D2S =
2|α|2|β|2 cos2(θT − θLO + θH)
n¯LO
= 2
(
1− sinh
2(r)
n¯LO
)
n¯T cos
2(θT − θLO + θH) (44)
where
n¯T = T 〈β|n̂T |β〉T , (45)
n̂T = â
†
T âT , (46)
and r is the squeezing parameter, nonnegative by definition:
r = |ξ|. (47)
These quantities and (33), (34) satisfy the relations [8]
n¯LO = |α|2 + sinh2(r), (48)
n¯T = |β|2, (49)
which have been used in obtaining (44). From (44) it is clear that squeezing the local oscillator
decreases the signal-to-noise ratio.
As can be seen from (48), the value of r is constrained by
sinh2(r) ≤ n¯LO. (50)
The case of equality in (50) is termed the “squeezed vacuum.”
7. SNR in terms of conventional parameters
For a mode with expectation value of the number n¯, the total energy is E = h¯ωn¯. Hence
the average energy density is ρE = E/V = h¯ωn¯/V , the average energy flux is Φ = ρEc =
h¯ωn¯c/V , and the average power is P = ΦEA = h¯ωn¯cA/V , where A = L
2
tr is the area of
the quantization region (transverse to the wave vector of the mode in question). Using these
with (23),
〈ψ1|Ŝ|ψ1〉2 = 1
c2A2
(
κ
2ε0
)2
PLOPT cos
2(θT − θLO + θH)
(
1− sinh
2(r)
n¯LO
)
(51)
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Let L be the dimension of the quantization region parallel to the wave vector,
L = V/A, (52)
and, following [9], define the quantization time T to be the time light would traverse this
length,
T = L/c = V/cA. (53)
Taking the effective bandwidth B to be [2]
B = 1/2T, (54)
(43) becomes
〈ψ0|Ŝ2|ψ0〉 =
(
κ
4ε0
)2 4Bh¯ω
c2A2
PLO, (55)
so
D2S =
PT
h¯ωB
cos2(θT − θLO + θH)
(
1− sinh
2(r)
n¯LO
)
. (56)
8. Quantum efficiency
Quantum efficiency is a measure of the extent to which photons are lost to the detection
process. This loss is incorporated in the model by allowing both the target-return beam T and
the local-oscillator beam LO to pass through a beam splitter before reaching the detector [10].
(Naively, one might think that the quantum efficiency would involve the sensitivity function.
As seen in Sec. 6, this is not the case, since both the signal and the noise scale with the
sensitivity function.)
Let â~k,ζ be the lowering operator at the detector. This is related to the operator at the
input port to the beam splitter by
â~k,ζ = t~k,ζ â(in)~k,ζ + r~k,ζ â(vac)~k,ζ , (57)
where â(in)~k,ζ and â(vac)~k,ζ are respectively the operators at the input and vacuum ports of
the beam splitter, and t~k,ζ and r~k,ζ are the (possibly wavelength or polarization dependent)
c-number transmission and reflection coefficients.
Using (57) in (9), we find the heterodyne signal operator to be
ŜB =
h¯
4ε0V
∑
~k,ζ,~l,ρ,µ,ν s.t. |ω~l − ω~k|=ωH
(ω~l ω~k)
1/2
(t∗~l,ρâ
†
(in)~l,ρ
+ r∗~l,ρâ
†
(vac)~l,ρ
) (t~k,ζ â(in)~k,ζ + r~k,ζ â(vac)~k,ζ)
e−iε(ω~l − ω~l)θH ε~l,ρ,ν ε~k,ζ,µ sνµ. (58)
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The null-hypothesis and alternative-hypothesis states are, respectively,
|ψB,0〉 = |ψ(in),0〉|ψ(vac),0〉, (59)
|ψB,1〉 = |ψ(in),1〉|ψ(vac),0〉, (60)
where
|ψ(vac),0〉 =
∏
~k,ζ
|0〉(vac), (61)
|ψ(in),0〉 =
∏
~k,ζ 6=LO
|0〉(in),~k,ζ |α, ξ〉(in),LO, (62)
|ψ(in),1〉 =
∏
~k,ζ 6=LO,T
|0〉(in),~k,ζ|α, ξ〉(in),LO|β〉(in),T . (63)
Using (58)-(63), defining
θB = arg(t
∗
LOtT ), (64)
and taking the polarizations of the local oscillator and target beam to be the same, we obtain
〈ψB,0|ŜB|ψB,0〉 = 0, (65)
〈ψB,1|ŜB|ψB,1〉 = |tLOtT |
(
κh¯ω
2ε0V
)
(n¯− sinh2(r))1/2n¯1/2T cos(θT − θLO + θH + θB), (66)
〈ψB,0|Ŝ2B|ψB,0〉 = 2 |tLO|2
(
κh¯ω
4ε0V
)
n¯LO. (67)
From (65) and (67)
Var0SB = 〈ψB,0|Ŝ2B|ψB,0〉 − 〈ψB,0|ŜB|ψB,0〉2
= 2 |tLO|2
(
κh¯ω
4ε0V
)
n¯LO. (68)
Using (65), (66), and (68), the SNR is
D2SB = (〈ψB,1|ŜB|ψB,1〉 − 〈ψB,0|ŜB|ψB,0〉2/Var0SB.
= |tT |2 2
(
1− sinh
2(r)
n¯LO
)
n¯T cos
2(θT − θLO + θH + θB). (69)
Comparing (69) with (44), we see that the norm-squared of the transmission coefficient enters
as the quantum efficiency η:
η = |tT |2. (70)
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9. Direction-finding with a split detector
Since the SNR for direct detection of a light beam is improved by squeezing (see Appendix),
even when only a single mode is excited, one might expect that it is possible to improve the
SNR of directional measurements using a single-mode squeezed beam and a split detector.
As pointed out in [11], this is not the case, and one must use a beam with at least two
transverse modes.
9.A. Transverse modes
9.A.1. Expansions of operators
However many modes are in non-vacuum states, if we are to examine a detector with a
response which varies in the transverse direction we should expand the electric field in trans-
verse modes. (If nothing else, we may find in some situations that the expansion in tranverse
modes is unnecessary.)
We take the positive-frequency part of the electric-field operator to be
Ê(+)µ (t, x) = i
∑
~k,ζ,m
(
h¯ω~k
2ε0V
)1/2
â†~k,ζ,m(x) e
−iω~kt u~k,ζ,m(x) ε~k,ζ,µ, (71)
where x is the transverse coordinate—we will only consider modes depending on a single
transverse coordinate—and the transverse modes are indexed by m. The current operator is
Î(t, x) =
∑
νµ
s˜ν,µÊ
(−)
ν (t, x)Ê
(+)
µ (t, x), (72)
where
s˜ν,µ = sν,µ/W (73)
with W the beam width at the detector, and
Ê(−)µ (t, x) =
(
Ê(+)µ (t, x)
)†
. (74)
Using (71), (72) and (74),
Î(t, x) =
∑
l̂,ρ,n,̂k,ζ,m,ν,µ
h¯
2ε0V
(
ω~l ω~k
)1/2
â†~l,ρ,nâ~k,ζ,me
i(ω~l − ω~k)t
u∗~l,ρ,n(x)u~k,ζ,m(x)ε~l,ρ,νε~k,ζ,µs˜νµ. (75)
9.A.2. Mode expansion for split detector scenario
The following approach is taken in [12]: “Let us consider a beam of light with an electric field
distribution given by E(x). We can build an orthonormal basis of the transverse plane {ui}
such that u0 = E(x)/||E(x)|| is the first vector; u1 is a “flipped” mode, given by −u0(x) for
11
x < 0 and u0(x) for x > 0. . . and the other modes are chosen in order to form a basis.” They
go on to conclude that in computing the noise in a split detector, it is sufficient to consider
only u0 and u1, ignoring the higher transverse modes.
Since the beam width at the detector is W ,
u0(x) = 1, −W/2 ≤ x ≤W/2
= 0 otherwise (76)
u1(x) = −1, −W/2 ≤ x ≤ 0
= 1, 0 < x ≤W/2
= 0 otherwise (77)
9.B. Direct-detection direction-finding
In direct detection the local oscillator beam, which induces oscillations in the photoelectric
current when mixed with the reflected light from that target, is absent. Therefore we do not
include the factor cos(ωHt+ θH) in the definition of the signal operator.
Using (10), the operator corresponding to direct detection of the direction of beam arrival
with the split detector can be written as
Ŝ ′sp =
∫
dx ε(x)
1
τ
∫ τ
0
dt Î(t, x). (78)
Using (75) in (78),
Ŝ ′sp =
∑
~l,ρ,n,~k,ζ,m,ν,µ s. t. ω~l = ω~k
h¯ω~l
2ε0V
â†~l,ρ,nâ~k,ζ,m
∫
dxε(x)u∗~l,ρ,n(x)u~k,ζ,m(x)ε~l,ρ,νε~k,ζ,µs˜νµ (79)
in the limit τ →∞.
9.B.1. Single nonvacuum transverse mode
The “alternative hypothesis” state, corresponding to the single mode beam being displaced
by an amount δ in the x direction (we will always take δ > 0) is
|ψ′sp,1〉 =
∏
~l′′,ρ′′,n′′ 6=T
|0〉~l′′,ρ′′,n′′ |α, ξ〉T . (80)
The transverse mode function for the target-return mode is the even function u0(x) displaced
in the positive-x direction a distance δ:
uT−1(x) = u0(x− δ). (81)
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The null-hypothesis state is the same, but with δ = 0:
|ψ′sp,0〉 = |ψ′sp,1〉δ=0. (82)
From (76) and (81), ∫
dx ε(x)|uT−1(x)|2 = 2δ. (83)
Using (79)-(83),
〈ψ′sp,0|Ŝ ′sp|ψ′sp,0〉 = 0, (84)
and
〈ψ′sp,1|Ŝ ′sp|ψ′sp,1〉 = 2δ
κ˜h¯ωT
2ε0V
n¯T , (85)
where
κ˜ = κ/W. (86)
Using (79)-(83), and keeping in mind that only the T is in a nonvacuum state,
〈ψ′sp,0|Ŝ ′2sp|ψ′sp,0〉 =
∑
~k,ζ,m,ν,µ s. t. ω~k = ωT
∑
~l′,ρ′,n′,ν′,µ′ s. t. ω~l′ = ωT∏
~l′′,ρ′′,n′′ 6=T
~l′′,ρ′′,n′′〈0| T 〈α, ξ| â†T â~kζ,mâ†~l′ρ′,n′ âT
∏
~k′′,ζ′′,m′′ 6=T
|0〉~k′′,ζ′′,m′′ |α, ξ〉T
(∫
dx ε(x)u∗T (x)u~k,ζ,m(x)
)(∫
dx′ ε(x)u∗~l′,ρ′,n′(x)uT (x)
)
εT,νε~k,ζ,µs˜νµ ε~l′,ρ′,ν′εT,µ′ s˜ν′µ′ (87)
By virtue of the constraints in the summations as well as the x, x′ integrals (recall (82) and
(83)) the only mode which can make a nonzero contribution is the odd transverse mode
u1(x) with frequency ωT . Since this mode is in the vacuum state, we obtain
〈ψ′sp,0|Ŝ ′2sp|ψ′sp,0〉 =W 2
(
κ˜h¯ωT
2ε0V
)2
n¯T , (88)
Using (84) and (88),
Var0S
′
sp′ = 〈ψ′sp,0|Ŝ ′2sp|ψ′sp,0〉 − 〈ψ′sp,0|Ŝ ′sp|ψ′sp,0〉2
= W 2
(
κ˜h¯ωT
2ε0V
)2
n¯T . (89)
Using (84),(85) and (89), the SNR is
D2S′
sp′
=
(
2δ
W
)2
n¯T . (90)
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In terms of the angular displacement ∆θ and wavelength λ of the beam and the focal length
f and aperture d of the detector optics,
δ = f∆θ, (91)
W = fλ/d (92)
(see, e.g., [13]), so (90) can be written as
D2S′
sp′
=
(
2d∆θ
λ
)2
n¯T . (93)
The minimum discernable angular beam displacement is defined as that angle for which the
SNR=1. From (93),
∆θmin′ =
1
2 n¯
1/2
T
(
λ
d
)
. (94)
Both (90)and (94) are seen to be unaffected by squeezing.
(Note that this analysis, as well as the ones that follow, use the “top-hat” form u0(x) for
the average beam profile. A more realistic form for u0(x) and consequently for u1(x) would
likely change constant factors such as the “1/2” in (94), but probably not the dependence
on occupation number or squeezing parameters.)
9.B.2. Two nonvacuum transverse modes
We now examine a model along the lines of the experiment of [12]. That experiment uses
a beam with a “flipped” (i.e. odd function of x) coherent mode and an even-in-x squeezed
vacuum mode. The beams are combined using a beam splitter which reflects most of the
squeezed vacuum and transmits a small part of the flipped coherent beam. The coherent
beam shifts in the transverse direction while the squeezed beam remains fixed, so we will
refer to the squeezed beam as the “local oscillator” and the flipped coherent beam as the
“target-return beam.” Both modes have the same wavelength. So, the alternative-hypothesis
state is
|ψsp,1〉 =
∏
~l′′,ρ′′,n′′ 6=LO,T
|0〉~l′′,ρ′′,n′′|α, ξ〉LO|β〉T . (95)
The transverse mode functions are
u′LO(x) = u0(x), (96)
u′T (x) = u1(x− δ). (97)
As before, the null-hypothesis state is the same with δ = 0:
|ψsp,0〉 = |ψsp,1〉δ=0. (98)
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Using (96) and (97), ∫
dx ε(x)u′
∗
LO(x)u
′
LO(x) = 0, (99)∫
dx ε(x)u′
∗
LO(x)u
′
T (x) =
∫
dx ε(x)u′
∗
T (x)u
′
LO(x) =W − 3δ, (100)∫
dx ε(x)u′
∗
T (x)u
′
T (x) = 2δ. (101)
Using (78), (95) and (98)-(101),
〈ψsp,0|Ŝ ′sp|ψsp,0〉 = 2W
(
κ˜h¯ω
2ε0V
)
(n¯LO − sinh2(r))1/2n¯1/2 cos(θT − θLO), (102)
〈ψsp,1|Ŝ ′sp|ψsp,1〉 =
(
κ˜h¯ω
2ε0V
) (
2δn¯T + 2(W − 3δ)(n¯LO − sinh2(r))1/2n¯1/2 cos(θT − θLO)
)
,
(103)
Var0S
′
sp = 〈ψsp,1|Ŝ ′2sp|ψsp,1〉 − 〈ψsp,1|Ŝ ′sp|ψsp,1〉2
=
(
κ˜h¯ω
2ε0V
)
W 2
(n¯LO + n¯T {1 + 2 sinh(r) [sinh(r)− cosh(r) cos(2θT − θsq)]}) . (104)
Choosing θsq so as to minimize (104), i.e., so that
cos(2θT − θsq) = 1, (105)
(104) becomes
Var0S
′
sp =
(
κ˜h¯ω
2ε0V
)
W 2
(
n¯LO + n¯T e
−2r
)
. (106)
Using (106), (102) and (103), the SNR is
D2S′sp =
(
2δ
W
)2 (n¯T − 3 (n¯LO − sinh2(r))1/2 n¯1/2T cos(θT − θLO))2(
n¯LO + n¯T e−2r
) . (107)
In this experiment the LO mode is a squeezed vacuum,
n¯LO = sinh
2(r). (108)
For
n¯LO ≫ 1, (109)
(108) implies
e−2r ≈ 1
4n¯LO
. (110)
Using (108)-(110) in (107)
D2S′sp ≈
(
2δ
W
)2
n¯T
(
n¯T
n¯LO
)
. (111)
This particular experiment isn’t relevant to laser radar since it involves transmitting
squeezed light, but the variation below is.
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9.C. Heterodyne direction-finding
To convert the model of the previous section into something that might be relevant for laser
radar, we need to insure that a) squeezed light is only used in the local oscillator, and b)
the target-return mode is not “flipped,” i.e., does not contain a sharp edge in the transverse
direction where the phase of the field changes abruptly. Such an edge would become diffuse
over distance, due to diffraction; and it would be improbable to have it well-aligned with the
boundary between the two halves of the split detector. In addition, c) the frequencies of LO
and T must differ, so that they can be combined using a etalon rather than a beamsplitter.
(Cases with smooth transition of the flipped mode are analyzed in [11]. These only yield
factors of 0.60 and 0.94 in the minimum measurable distance compared to coherent light.
“This modest improvement with respect to the standard quantum limit is due to the fact
that the variation of the odd squeezed mode amplitude is too slow when one crosses the edge
x = 0.” [11])
According to [12], switching which mode, squeezed or coherent, is the flipped one makes
no difference (in the homodyne situation considered in that reference; see previous section).
So here we consider a squeezed local oscillator with an odd transverse mode function fixed so
that the abrupt phase transition always coincides with the split in the detector (x = 0). The
target return beam is taken to be coherent with a flat transverse profile, which is displaced
from symmetry about x = 0 by an amount δ > 0. That is,
uLO(x) = u1(x), (112)
uT (x) = u0(x− δ), (113)
The signal operator is
Ŝsp =
∫
dx ε(x)
1
τ
∫ τ
0
dt cos(ωHt + θH)Î(t). (114)
Using (75) in (114)
Ŝsp =
∑
~l,ρ,n,~k,ζ,m,ν,µ s. t. |ω~l − ω~k|=ωH
(
h¯
4ε0V
)(
ω~l ω~k
)1/2
â†~l,ρ,nâ~k,ζ,m
e−iε(ω~l − ω~k)θH
(∫
dx ε(x)u∗~l,ρ,n(x)u~k,ζ,m(x)
)
ε~l,ρ,νε~k,ζ,µsνµ. (115)
The expressions for the states are the same as in the homodyne case (eqs. (95) and (98)), but
with different transverse mode functions (112) and (113), and of course different frequencies
for the LO and T modes.
An analysis along the lines of that in the previous section shows that
〈ψsp,0|Ŝsp|ψsp,0〉 = W κ˜h¯ω
2ε0V
(
n¯LO − sinh2(r)
)1/2
n¯
1/2
t cos(θt − θLO + θH), (116)
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〈ψsp,1|Ŝsp|ψsp,1〉 = (W − δ) κ˜h¯ω
2ε0V
(
n¯LO − sinh2(r)
)1/2
n¯
1/2
t cos(θt − θLO + θH), (117)
Var0Ssp = W
2
(
κ˜h¯ω
4ε0V
)2 {
2n¯LO
+2n¯T [1− sinh(r) (− sinh(r) + cosh(r) cos(2θ − θsq + 2θH))]
}
(118)
Minimizing this by setting θsq so that
2θ − θsq + 2θH = 2πn, n = 0,±1,±2, . . . (119)
we obtain
Var0Ssp = 2W
2
(
κ˜h¯ω
4ε0V
)2 [
n¯LO +
n¯T
2
(
1 + e−2r
)]
(120)
The SNR is then
D2Ssp =
(
〈ψsp,1|Ŝsp|ψsp,1〉 − 〈ψsp,0|Ŝsp|ψsp,0〉
)2
/Var0Ssp
= 2
(
d∆θ
λ
)2 1− sinh2(r)n¯LO
1 + n¯T
2n¯LO
(1 + e−2r)
 n¯T cos2 (θT − θLO + θH) , (121)
using (91), (92), (116), (117) and (120).
The largest value of the 2nd factor in parentheses in (121) is unity, which can only be
reached by increasing n¯LO so that
n¯T /n¯LO → 0, (122)
sinh2(r)/n¯LO → 0. (123)
The latter limit will be approached faster for smaller r. There is presumably no practical
limit to how large the local-oscillator signal can be made relative to the target-return signal
in a laser radar system. So, there is no reason to do squeezing.
Essentially the same result is obtained taking the transverse functions for both LO and T
to be even (u0(x)):
D2Ssp−2e = 2
(
d∆θ
λ
)2 1− sinh2(r)n¯LO
1 + n¯T
n¯LO
(1 + e−2r)
 n¯T cos2 (θT − θLO + θH) . (124)
10. Heterodyne phase change estimation
Consider again the heterodyne target scenario of Sec. 6, and take the null-hypothesis state
to be the alternative-hypothesis state of that section:
|ψ0,ph〉 = |β〉T |α, ξ〉LO
∏
~k,ζ 6=T,LO
|0〉~k,ζ. (125)
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Take the alternative-hypothesis state to be
|ψ1,ph〉 = |βeiδθT 〉T |α, ξ〉LO
∏
~k,ζ 6=T,LO
|0〉~k,ζ. (126)
I. e., the null hypothesis is that there is a target present at a distance such that the phase
of the target-return signal at the detector is arg β; the alternative hypothesis is identical to
the null hypothesis, but with a value of the phase differing by an amount δθT .
The SNR for discrimination between these two hypotheses—i.e., for detecting a small
change in the phase of the target-return signal—is
D2ph =
(
〈ψ1,ph|Ŝ|ψ1,ph〉 − 〈ψ0,ph|Ŝ|ψ0,ph〉
)2
/Var0,phS, (127)
where
Var0,phS = 〈ψ1,ph|Ŝ2|ψ1,ph〉 − 〈ψ1,ph|Ŝ|ψ1,ph〉2. (128)
Using (9), (21), (26), (125) and (126),
〈ψ1,ph|Ŝ|ψ1,ph〉 − 〈ψ0,ph|Ŝ|ψ0,ph〉
=
κh¯ω
2ε0V
|α||β| (cos(θT + δθT − θLO + θH)− cos(θT − θLO + θH))
≈ −δθT κh¯ω
2ε0V
|α||β| sin(θT − θLO + θH). (129)
for small δθT . Using (11), (125) and (128),
Var0,phS = 2
(
κh¯ω
4ε0V
)2
(n¯LO + n¯T {1 + sinh(r) [sinh(r)− cosh(r) cos(2θT − θsq + 2θH)]}) (130)
Minimizing this by taking θsq to satisfy
2θT − θsq + θH = 2πn, n = 0,±1,±2, . . . (131)
we obtain
Var0,phS = 2
(
κh¯ω
4ε0V
)2 [
n¯LO +
n¯T
2
(
1 + e−2r
)]
(132)
Using (127), (129) and (132),
D2ph = 2 (δθT )
2
 1− sinh2(r)n¯LO
1 + n¯T
2n¯LO
(1 + e−2r)
 n¯T sin2 (θT − θLO + θH) (133)
As per the discussion at the end of Sec. 9.C, there is nothing to be gained by squeezing
the LO.
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11. Balanced detection
In balanced detection [14, 15], the LO and T beams each enter through one of the input
ports of a 50/50 beamsplitter, and the signal is the difference of the photoelectron currents
at detectors at the two output ports.
Operators corresponding to modes of the beams entering the input ports of the beam-
splitter will be denoted by subscripts “(LO)” and “(T ).” Operators corresponding to modes
of beams leaving the exit ports will be denoted by subscripts “tr” and “ref” (respectively
“transmitted” and “reflected” relative to the target-return beam). Then
â(ref),~k,ζ = râ(T ),~k,ζ + t
′â(LO),~k,ζ (134)
â(tr),~k,ζ = tâ(T ),~k,ζ + r
′â(LO),~k,ζ (135)
Using (134) and (135) in (7), the current operators at the two photodetectors are, respec-
tively,
Î(tr)(t) =
∑
~lρ,~kζ,νµ
h¯
2ε0V
(
ω~l ω~l
)1/2
ei(ω~l − ω~k)tε~l,ρ,νε~k,ζ,µsνµ
(
|t|2â†
(T )~l,ρ
â(T )~k,ζ + r
′∗t â†
(LO)~lρ
â(T )~kζ + t
∗r′ â†
(T )~lρ
â(LO)~kζ + |r′|2â†(LO)~l,ρâ(LO)~k,ζ
)
, (136)
Î(ref)(t) =
∑
~lρ,~kζ,νµ
h¯
2ε0V
(
ω~l ω~l
)1/2
ei(ω~l − ω~k)tε~l,ρ,νε~k,ζ,µsνµ
(
|r|2â†
(T )~l,ρ
â(T )~k,ζ + t
′∗r â†
(LO)~lρ
â(T )~kζ + r
∗t′ â†
(T )~lρ
â(LO)~kζ + |t′|2â†(LO)~l,ρâ(LO)~k,ζ
)
. (137)
The operator corresponding to the difference between the currents at the two detectors is
Î(diff)(t) = Î(tr)(t)− Î(ref)(t). (138)
From (136)-(138),
Î(diff)(t) =
∑
~lρ,~kζ,νµ
h¯
2ε0V
(
ω~l ω~l
)1/2
ei(ω~l − ω~k)tε~l,ρ,νε~k,ζ,µsνµ
((
|t|2 − |r|2
)
â†
(T )~l,ρ
â(T )~k,ζ +
(
r′∗t− t′∗r
)
â†
(LO)~lρ
â(T )~kζ(
t∗r′ − r∗t′
)
â†
(T )~lρ
â(LO)~kζ +
(
|r′|2 − |t′|2
)
â†
(LO)~l,ρ
â(LO)~k,ζ
)
, (139)
which simplifies to
Î(bal)(t) = −i
∑
~lρ,~kζ,νµ
h¯
2ε0V
(
ω~l ω~k
)1/2
ei(ω~l − ω~k)tε~l,ρ,νε~k,ζ,µsνµ
(
â†
(LO)~lρ
â(T )~kζ − â†(T )~lρâ(LO)~kζ
)
(140)
19
when the transmission and reflection coefficients are chosen appropriate to the balanced case;
specifically,
t = t′ = 1/
√
2, (141)
r = r′ = i/
√
2. (142)
The heterodyne signal operator is
Ŝbal−het =
1
τ
∫ τ
0
dt cos(ωH + θH)Î(bal)(t)
= −i ∑
~lρ,~kζ,νµ s. t. |ω~l − ω~k|=ωH
h¯
4ε0V
(
ω~l ω~k
)1/2
e−iε(ω~l − ω~k)θHε~l,ρ,νε~k,ζ,µsνµ
(
â†
(LO)~l,ρ
â(T )~k,ζ − â†(T )~l,ρâ(LO)~k,ζ
)
. (143)
The null-hypothesis and alternative-hypothesis states are, respectively,
|ψbal,0〉 =
∏
~l′′,ρ′′
|0〉(T )~l′′,ρ′′

 ∏
~k′′,ζ′′ 6=LO
|0〉(LO)~k′′,ζ′′
 |α, β〉(LO)LO, (144)
|ψbal,1〉 =
 ∏
~l′′,ρ′′ 6=T
|0〉(T )~l′′,ρ′′

 ∏
~k′′,ζ′′ 6=LO
|0〉(LO)~k′′,ζ′′
 |α, β〉(LO)LO|β〉(T )T , (145)
Using (143)-(145) the SNR is found to be
D2bal−het = 2
(
1− sinh
2(r)
n¯LO
)
n¯T sin
2(θT − θLO + θH). (146)
For homodyne detection, the signal operator is
Ŝbal−hom =
1
τ
∫ τ
0
dt Î(bal)(t)
= −i ∑
~lρ,~kζ,νµ s. t. ω~l = ω~k
h¯ω~l
2ε0V
ε~l,ρ,νε~k,ζ,µsνµ
(
â†
(LO)~l,ρ
â(T )~k,ζ − â†(T )~l,ρâ(LO)~k,ζ
)
. (147)
The states |ψbal,0〉 and |ψbal,1〉 are the same as in the heterodyne case, with of the course
ωH = ωT . The resulting SNR is
D2bal−hom = 4
(
1− sinh
2(r)
n¯LO
)
n¯T sin
2 (θT − θLO) . (148)
Neither (146) nor (148) is improved by squeezing.
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Appendix: Direct target detection
A.1. Signal-to-noise ratio
The states for H0 and H1 are, respectively,
|ψ′0〉 =
∏
~k,ζ
|0〉~k,ζ, (A-1)
and
|ψ′1〉 = |α, ξ〉T
∏
~k,ζ 6=T
|0〉~k,ζ. (A-2)
The signal operator is
Ŝ ′ = τ−1
∫ τ
0
dt Î(t)
=
∑
~l,ρ,~k,ζ,µ,ν s.t. ω~l = ω~k
h¯ω~k
2ε0V
â†~l,ρâ~k,ζ ε~l,ρνε~k,ζµsνµ. (A-3)
(See comments at the beginning of Sec. 9.B.) Since the variance of the signal (A-3) vanishes
in the state (A-1), the definition of the equivalent signal-to-noise ratio must be changed to
D′
2
g =
[E(g|H1)−E(g|H0)]2
Var1g
(A-4)
with
Var1g = E(g
2|H1)− [E(g|H1)]2. (A-5)
This a reasonable definition, since variance in the signal under either hypothesis will con-
tribute to detection errors. Taking g = S ′ and using (37) and (A-1)-(A-4),
D′
2
S′ =
n¯2T
varsq(nT )
, (A-6)
where varsq(nT ) is the variance of n̂T in the squeezed state,
varsq(nT ) = T 〈α, ξ|n̂2T |α, ξ〉T − (T 〈α, ξ|n̂T |α, ξ〉T )2 . (A-7)
For suitable choice of parameters of the squeezed state, varsq(nT ) < n¯T . So squeezing can
improve direct-detection SNR. For |α, ξ〉T ,
varsq(nT ) = (n¯T − sinh2(r))| cosh(r)− ei(θsq−2θT ) sinh(r)|2 + 2 cosh2(r) sinh2(r) (A-8)
(see, e.g., [8]), where θT is as given in (27) and θsq is defined by
ξ = reiθsq . (A-9)
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To minimize (A-8) set θsq so that
θsq − 2θT = 2πn, n = 0,±1,±2, . . . , (A-10)
so
varsq(nT ) = (n¯T − sinh2(r))e−2r + 2 cosh2(r) sinh2(r) (A-11)
and
D′
2
S′ =
n¯2T
(n¯T − sinh2(r))e−2r + 2 cosh2(r) sinh2(r)
. (A-12)
Suppose the amount of squeezing, as quantified by the values of r, is much less than the
maximum allowed:
sinh2(r)≪ n¯T . (A-13)
Then (A-12) becomes
D′
2
S′ = n¯T e
2r. (A-14)
For large n¯T and r,
sinh2(r) ≈ cosh2(r) ≈ 1
4
e2r, (A-15)
so, with (A-13),
e2r ≪ 4n¯T . (A-16)
An upper bound on the SNR is therefore, using (A-14) and (A-16),
D′
2
S′ ≪ 4n¯2T . (A-17)
A.2. Quantum efficiency in direct detection
Using (57) in (A-3), the direct-detection signal operator is
Ŝ ′B =
∑
~l,ρ,~k,ζ,µ,ν s.t. ω~l = ω~k
(
h¯ω~k
2ε0V
)
(t∗~l,ρâ
†
(in)~l,ρ
+ r∗~l,ρâ
†
(vac)~l,ρ
) (t~k,ζ â(in)~k,ζ + r~k,ζ â(vac)~k,ζ)ε~l,ρ,ν ε~k,ζ,µ sνµ (A-18)
The states are
|ψ′B,0〉 = |ψ′(in),0〉|ψ(vac),0〉, (A-19)
|ψ′B,1〉 = |ψ′(in),1〉|ψ(vac),0〉, (A-20)
where
|ψ′(in),0〉 =
∏
~k,ζ
|0〉(in),~k,ζ, (A-21)
|ψ′(in),1〉 =
∏
~k,ζ 6=T
|0〉(in),~k,ζ |α, ξ〉(in),T (A-22)
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and with |ψ(vac),0〉 as given in (61).
Using (A-4), (A-5), and (A-18)-(A-22),
D′
2
S′
B
=
|tT |2 n¯2(in),T
|tT |2 varsqn(in),T + (1− |tT |2) n¯(in),T (A-23)
where varsqn(in),T is given by (A-7) with n̂T → n̂(in),T . Comparing with (A-6) we see that
nonunity quantum efficiency, η = |tT |2 < 1, shifts the statistics of the noise towards those of
coherent-state light (variance=n(in),T ).
A.3. Loss limits squeezed-light improvement in direct detection SNR
The analysis of Sec. A.1 shows that the use of squeezed light can improve direct-detection
SNR compared to that obtained with coherent light. From Sec. A.2 above we can see that
the presence of loss places a limit on the amount of improvement which is possible.
For coherent light,
varsqn(in),T → varcohn(in),T = n¯(in),T , (A-24)
so, from (A-23),
D′
2
S′
B
→ D′2S′
B
−coh = |tT |2 n¯(in),T . (A-25)
So the improvement in SNR obtained by using squeezed light is
D′2S′
B
D′2S′
B
−coh
=
n¯(in),T
|tT |2 varsqn(in),T + (1− |tT |2) n¯(in),T ≤
1
1− |tT |2 (A-26)
since varsqn(in),T ≥ 0, or
D′2S′
B
D′2S′
B
−coh
≤ 1
L
(A-27)
where the loss L is
L = 1− |tT |2 = 1− η (A-28)
by (70).
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